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Abstract 

A double covering of the proper orthochronous Lorentz group is understood as a 
complexification of the special unimodular group of second order (a double covering of 
the 3-dimensional rotation group). In virtue of such an interpretation the matrix ele- 
ments of finite-dimensional representations of the Lorentz group are studied in terms 
of hyperspherical functions. Different forms of the hyperspherical functions related to 
other special functions (hypergeometric series, generalized spherical functions, Jacobi 
function, Appell functions) are considered. It is shown that there is a close relationship 
between hyperspherical functions and physical fields defined within (j, 0) © (0, j) rep- 
resentation spaces. Recurrence relations between hyperspherical functions are given. 
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1 Introduction 

It is widely accepted that the Lorentz group (a rotation group of the 4-dimensional space- 
time continuum) is a basic core of relativistic physics. Fields and particles are completely 
formulated within irreducible representations of the Lorentz or Poincare groupQ (a motion 
group of the spacetime continuum). In 1958, Naimark showed that all the finite-dimensional 



representations of the Lorentz group are equivalent to spinor representations [II]. Due to 
this fact there is a close relationship between the representations of the Lorentz group and 
Clifford algebras. At present, it is clear that a spinor structure of physics is deeply rooted in 
nature. All the physical fields are represented by spinor functions denned on the represen- 
tation spaces (spinspaces^.) In essence, the spinor functions present itself a fully algebraic 



construction within the Clifford algebra theory (see, for example, fl8| , |19| , |20|). However, 
the Wigner-Mackey scheme of induced representations |26|, |l0j does not incorporate such an 
algebraic description. On the other hand, there exists a more useful (for physical applica- 



tions) method of a generalized regular representation proposed by Vilenkin |22|] and based 



on the theory of special functions. In virtue of a wide use of harmonic analysis many authors 
considered this method as an alternative to the Wigner-Mackey-Weinberg approach (see, 
for example, ||). Moreover, this method naturally incorporates the algebraic description 
related with the Clifford algebra theory. Namely, it is shown in the present paper (section 

^ee Wigner and Weinberg works p6| |25|] , where physical fields are considered in terms of induced 

(aoo alc^ 1771 Eh 



2) that for the spinor functions on the Lorentz group there exists an Euler parametrization 
which gives rise to hyperspherical functions. In general, the hyperspherical functions are the 
matrix elements of the finite-dimensional representations of the Lorentz group. It allows to 
represent these functions by the product of the two hypergeometric functions and later on 
to relate them with Appell functions. 

Further, our consideration based mainly on the so-called Van der Waerden representation 



of the Lorentz group |24 ]. Namely, the group SL(2, C) (a double covering of the proper 
orthochronous Lorentz group (5+) is understood as a complexification of the group SU(2), 
SX(2,C) ~ complex(S'f/(2)). In a sense, it allows to represent the group 5L(2,C) by a 
product SU(2) ® SU(2^ as it done by Ryder in his textbook fd| . In connection with 
this, the hyperspherical functions should be considered as a complexification of generalized 
spherical functions for the group SU{2) introduced by Gel'fand and Shapiro in 1952 |7|]. 

The paper is organized as follows. In the section 2 we briefly discuss the basic notions 
concerning representations of the Lorentz group, the group SU(2), and also we consider 
their descriptions within Clifford algebra framework. In the section 3 we introduce the main 
objects of our study, namely, hyperspherical functions. Different forms of hyperspherical 
functions are given. Recurrence relations between hyperspherical functions, presented one 
of the main results of the paper, are studied in the section 5. 



2 Preliminaries 



In this section we will consider some basic facts concerning the Lorentz group and its repre- 
sentations. 



2.1 Van der Waerden representation of the Lorentz group 

Let g — > T g be an arbitrary linear representation of the proper orthochronous Lorentz group 
(& + and let Aj(t) = T ai ( t ) be an infinitesimal operator corresponded the rotation aj(t) G 
Analogously, we have Bj(t) = T^( 4 ), where bi{t) e (25 + is a hyperbolic rotation. The operators 

3 Moreover, in the works ^ || the Lorentz group is represented by a product SUr{2) £g> SUl(2), and 
spinors 




and are the right- and left-handed spinors) are transformed within (j, 0)©(0, j) representation 

space. 



Aj and Bj satisfy the following commutation relations^: 



[Ai, 


A 2 ] 


= A 3 , 


[A 2 ,A 3 ] 


= Ai, 


[As,Ai] = A 2 , 


[Bi- 


B 2 ] 


= -A 3 , 


[B 2 , B 3 ] 


= -Ai, 


[B 3 , BJ = -A 2 


[Ai, 


Bi] 


= 0, 


[A 2 , B 2 ] 


= 0, 


[A 3 , B 3 ] = 0, 


[A x , 


B 2 ] 


= B 3 , 


[Ai, B 3 ] 


= -B 2 , 




[A 2 . 


Ba] 


= Bi, 


[A 2 , BJ 


= -B 3 , 




[A3, 


Bi] 


= B 2 , 


[A3, B 2 ] 


= -Bi. 





Let us consider the operators 

Xfc = 



; (A fe + zB fe ), Y k = -(A k -iB k ) 
(k = 1,2,3). 



Using the relations ({Ip we find that 

[Xi, X 2 ] = X 3 , [X 2 , x 3 



Further, taking 



Xi, [X 2 ,Xi] 
[Yi,Y 2 ]=Y 3 , [Y 2 ,Y 3 ]=Y 1; [Y 3 ,Y!] 
[X fc ,Y,] = 0, (k,l = 1,2,3). 

X + = Xi + z'X 2 , X = Xi — iX 2 , 
Y + = Y 1 + zY 2 , Y_ = Yi — iY 2 



X 2 , 
Y 2 , 



(3) 



(4) 



we see that in virtue of commutativity of the relations (^) a space of an irreducible finite- 
dimensional representation of the group (3+ can be stretched on the totality of (2/ + l)(2/' + l) 
basis vectors | Z, m; I', to'), where Z, m, I', ml are integer or half-integer numbers, — Z < m < Z, 
—V < ml < V '. Therefore, 



X I /, to; I', m') = y/(V + m'){V - m' + 1) | /, m; I', w! - 1) {m! > -I'), 
X + I /, m; I', m) = y/(l' - m'){V + m' + 1) | I, m; I', m! + 1) (rri < I'), 
X 3 I I, m; I', m!) —m'\l, m; m'), 

Y_ I /, m; l', m') = y(I + m)(7 — m + 1) | Z, m — 1, f , m') (m > — I) 
Y + I /, to; I', to') = a/(/ - m)(/ + to + 1) \l,m + l; I', to') (to < /), 
Y 3 I Z, to; Z', to') = to I Z, to; Z', to') . 

From the relations @ it follows that each of the sets of infinitisimal operators X and Y 
generates the group SU (2) and these two groups commute with each other. Thus, from the 
relations @ and (||) it follows that the group <3 + , in essence, is equivalent to the group 
SU(2) ® SU(2). In contrast to the Gel'fand-Naimark representation for the Lorentz group 
II |TT[ which does not find a broad application in physics, a representation (|5[) is a most 
useful in theoretical physics (see, for example, (l|, [15], [13|, [14]]). This representation for the 



(5) 



Lorentz group was firstly given by Van der Waerden in his brilliant book [21 

4 Denoting I 23 = A l5 I 31 = A 2 , I 12 = A 3 , and I 01 = B 1; I 02 = B 2 , I 03 = B 3 we can write the relations (@) in 
a more compact form: 



[l^,l Ap ] 



2.2 Clifford algebras and linear representations of the Lorentz 
group. Spinor functions 

As known, a double covering of the proper orthochronous Lorentz group £5 + , the group 
SX(2,C), is isomorphic to the Clifford-Lipschitz group Spin + (1,3), which, in its turn, is 
fully defined within a biquaternion algebra C 2 , since 

Spin + (l,3)~jY^ f)e<C 2 : det f° fj = l| = SL(2, C). 

Thus, a fundamental representation of the group (25 + is realized in a spinspace S 2 . The 
spinspace §2 is a complexification of the minimal left ideal of the algebra C 2 : §> 2 = C®/ 2 ,o = 
C ® C? 2i0 e 20 or § 2 = C <g> Ji,i = C <g> C?i,ien (C ® J , 2 = C ® O^era), where (p + g = 2) 
is a real subalgebra of C 2 , ip i9 is the minimal left ideal of the algebra C£ p>q , e pq is a primitive 
idempotent. 

Further, let C 2 be the biquaternion algebra, in which all the coefficients are complex 

conjugate to the coefficients of the algebra C 2 . The algebra C 2 is obtained from C 2 under 
action of the automorphism A — > A* (involution) or the antiautomorphism A —>■ A (reversal), 
where A G C 2 (see [jTB], |T7|]). Let us compose a tensor product of k algebras C 2 and r algebras 



C 2 ® C 2 ® • • • ® C 2 g> C 2 <g> C 2 <g> • • • <g> C 2 ~ C 2fc ® C 2r . (6) 
The tensor product (§) induces a spinspace 

§2 <g> §2 ® • • ■ <g> § 2 ® § 2 <g> § 2 <g> • • ■ ® S 2 = S 2 k+r (7) 

with 'vectors' (spintensors) of the form 

The full representation space S 2 fe+r contains both symmetric and antisymmetric spintensors 
(H). Usually, at the definition of irreducible finite-dimensional reprsentations of the Lorentz 
group physicists confined to a subspace of symmetric spintensors Sym(fc,r) C § 2 fc+r. Dimen- 
sion of Sym(fc,r) is equal to (k + l)(r + 1) or (2/ + 1)(2/' + 1) at I = f, V = §. It is easy 
to see that the space Sym(fc,r) is a space of van der Waerden representation (|). The space 
Sym(fc, r) can be considered as a space of polynomials 

p(z ,Zi,z ,Zi) = -j—-a ai "' akai "' ar z ai ■ ■ ■ z a z &1 ■ ■ ■ Za r (a i? di = 0, 1), (9) 

z — ' k\ r! 

(«!,... ,a k ) 
(dl,... ,& r ) 

where the numbers a^i-afc"!-^ are unaffected at the permutations of indices. Some appli- 



cations of the functions (M) contained in 21 



The representation of the group <S + in the space Sym(/c, r) has a form 



z x z x 



k-r I Z z 

z 1 z 1 q 



for ( a C + P a(+*p \ 



where 



c = z A c = ^. 

Zi z x 

It is easy to see that for the group SU{2) C SL(2, C) the formulae @ and (|i0|) reduce 
to the following 



^ jfcf 



ai-a k 



Zcx\ ' ' ' ^Ctfc 5 



(01,... ,Ofe) 



7C + ^ 



'121 



and the representation space Sym(A;,r) reduces to Sym(/c,0). One-parameter subgroups of 
SU (2) are defined by the matrices 



ai(t) 



I t . . t\ 

cos - z sin - 
2 2 
t t 

\ i sin - cos - / 
V 2 2 / 



, a 2 {t) 



ft ■ t\ 

cos - — sin - 1 

2 2 

v sh 4 c °4/ 



, a 3 (t) 



ef 
e-T 



\ 



(13) 



An arbitrary matrix u £ SU(2) written via Euler angles has a form 



u 



a (3 
* * 
-P " 



/ 9 . . 9 i(v-ip) 

cos -e 2 z sin -e 2 
2 2 



1 sin -e 2 cos -e 2 
2 2 



(14) 



/ 



where < cp < 2n, < 9 < it, —2n < ip < 2n, det u — 1. Hence it follows that |a| = cos |, 
= sin I and 



cos 6* 



2. ij- 



2lal 



|a||/9| - 



a: 



(15) 
(16) 

(17) 



Diagonal matrices 





tip 

e~£ 



form one-parameter subgroup in the group SU{2). There- 



fore, each matrix u £ SU(2) belongs to a bilateral adjacency class contained the matrix 

/ 9 . . 9\ 
cos - 1 sin - 1 
2 2 

\ i sin - cos - / 
\ 2 2 / 

The matrix element t l mn = e^^^ (Ti(6)if> n , if> m ) of the group SU(2) in the polynomial 
basis 



l—n 



where 



21 



WMO = (isin^C + cos^) r 



6 \ 



cos -( + i sin 

9 9 
^sin-C + cos-y 



has a form 

4 ll ( 9 ) = e- ! ^(T i (^ ni « = 



y/T(l - m + l)T(l + m + l)T(l - n + l)T(l Tn + T) 



-i(mip+nip) -m—n 



y/T(l - m + l)T(l + m + l)T(l - n + l)T(l + n + 1) 



x 



cos 2 ' - tan m " n 



min(Z— n,i+n) 



z^'tan 2 ^ ~ 
2 



2 ^ r(j + l)r(/-m-j + l)r(/ + n-j + l)r(m-n + j + l)' 

j=max(0,n— m) 



Further, using the formula 

2 F 1 (a,(3;r, z) 



r( 7 ) ^ r(a + fc)r(^ + fc) ^ 

T{a)T{(5)j^ T{ 1 + k) k\ 



we express the matrix element (|T8D via the hypergeometric function: 



, i»"-n e -*("HP+n^) /r(Z + m + l)r(Z-n + l) 

tmn ^ ~ r(m - n + 1) y r(Z - m + l)T(l + n + 1) X 





9 9 
cos 2 ' - tan m_n - 2 F 1 (m — I + 1, 1 — Z — n, m — n + 1; i 2 tan 2 - % 



(19) 



(20) 



where m > n. At m < n in the right part of (EI]) it needs to replace m and n by — m 
and — n, respectively. Since l,m and n are finite numbers, then the hypergeometric series is 
interrupted. 

Further, replacing in the one-parameter subgroups ( [T^D the parameter t by —it we obtain 



^cosh - sinh-^ 
2 2 

v sinh - cosh - / 
\ 2 2/ 



, b 2 (t) 



^ cosh - % sinh - 
\ 2 2 / 



6s(*) 



es 
e~5 



• (21) 



These subgroups correspond to hyperbolic rotations. 



3 Hyperspherical functions 

The group SL{2, C) of all complex matrices 



of 2-nd order with the determinant ad— 7/? = 1, is a complexification of the group SU(2). The 
group SU{2) is one of the real forms of SL(2, C). The transition from SU(2) to SL(2,C) 
is realized via the complexification of three real parameters <p, 9, ip (Euler angles). Let 
9 C = 9 — it, ip c = ip — ie, ip c = ip — ie be complex Euler angles, where 



< Re9 c = 9 < 71, 
< Re(p c = Lp < 2n, 
-2tt < Re^ c = ^ < 2tt, 



< Im6' c = r < 00, 
< Im<^ c = e < 2tt, 
-27t < Im?p c = e < 2ir. 



Replacing in ([14] ) the angles ip, 9, ip by the complex angles tp c , 9 C , ip c we come to the following 
matrix 



/ _ 9 C ^( V c +j, c ) 
\ 



. 9 C i(<e°-i>°) \ 

cos — e 2 ~ 2 sin — e 2 1 
2 2 

9° i(ifr c -f c ) 9 C i{<fi c +ji°) 

i sin — e 2 cos — e 2 
2 2 



/ / T . . 9 t\ n+s+ijf+iP) 

cos - cosh — h 1 sin - smh — e 2 
2 2 2 2) 

9 T . . 9 T \ e-e-H^-y) 

cos - smh — \- 1 sin - cosh — e 2 
2 2 2 2 



9 T . . 9 T\ e-s+iCy-jQ \ 

cos - smh — h 2 sin - cosh — e 
2 2 2 2/ 

^ T , . 9 . lA ■ 

cos - cosh — h 1 sin - smh — e 2 
2 2 2 2 



(22) 



9 , r ^ . , T J . 1 

cos - cosh h « sin - smh — , and sin - 

2 2 2 2' 2 V 



sin - cosh — — 
2 2 



since cos-(tf — it) = cos - cosn — + 2 sin -sum — , and sm-(y — it) 
9 T 

i cos - sinh — . It is easy to verify that the matrix ( P2[ ) coincides with a matrix of the funda- 
mental reprsentation of the group SX(2,C) (in Euler parametrization) : 



g(<p, e, 9, t, ip, e) 



/ i* 

e 2 


\ 


( . 

e2 


0^ 


I 




e 2 J 






\ 



( e . . e\ 

cos - 2 sin - 
2 2 

z sin - cos 
2 



2/ 



cosh — sinh — ^ 
2 2 

sinh — cosh 
2 



e 2 



2/ 



e~ l 2 



es 
e~f 



\ 

/ 

(23) 



The matrix element ti 



-m(e+i^j)— n(£+iV) 



(Ti(9,t)i/j\,i/j^) of the finite-dimensional 



repsesentation of SL(2, C) at / = Z' in the polynomial basis 



^a(CC) 



y/T(l -n + l)r(/ + n + l)r(Z - m + 1)T(Z + m + 1) 



has a form 



L mn\d) — e ^mn ~ e x 

' a 

i m ~V r (* -m + l)r(Z + m + l)r(Z - A; + l)T(l + k + 1) cos 21 - tan 



k=-l 



X 





min(/-m,J+fc) tan 2j _ 

J£- m) ro + i)r(i- m -j + i)r(i + fc-j + i)r( m -Hi + i) 

y/T{l -n + l)T(l + n + l)T(l — k + l)T(l + k + 1) cosh 2 ' - tanh n ~ fc - x 

min(«-n,«+fc) tanh 2s - 

5^ r(s + l)T(l -n-s + l)T(l + k-s + l)T(n -k + s + 1)' ^ 



We will call the functions Z l mn in (23) as hyperspherical functions. Using (|19|) we can write 
the hyperspherical functions Z mn via the hypergeometric series: 

ZL, = cos 21 - cosh 2 ' - V i m ~ k tan m " fc - tanh"- fc - x 
2 2 ^ 2 2 

fe=-i 



9 T 
2 F 1 (m - I + 1,1- I - k; m-k+1; z 2 tan 2 -) 2 F 1 (n -1 + 1,1-1- k; n-k + 1; tanh 2 



2'* v 7 ' ' 2' 

(25) 

Therefore, matrix elements can be expressed by means of the function (a generalized hyper- 
spherical function) 

^L(s) = e- m ^Z l mn e- n ^\ (26) 

where 

i 

ZL = E ^cos WL(coshr), (27) 

k=-l 

here P^ n (cos#) is a generalized spherical function on the group £77(2) (see and ^P^ n 
is an analog of the generalized spherical function for the group QU(2) (so-called Jacobi 



function f22j). QU(2) is a group of quasiunitary unimodular matrices of second order. As 
well as the group SU(2) the group QU{2) is one of the real forms of SL(2, C) (QU(2) is 
noncompact). 

Further, from fl25|) we see that the function Z l mn depends on two variables 6 and r. 
Therefore, in particular cases we can express the hyperspherical functions Z l mn via Appell 
functions F1-F4 (hypergeometric series of two variables P, ||). However, a consideration of 
the relations with Appell functions comes beyond the framework of this paper and we will 



3.1 Matrices 7}(g) 



Using the formula (|24]) let us find explicit expressions for the matrices Ti(g) of the finite- 
dimensional representations of (5+ at / = 0, |, 1: 

T o (0,t) = 1, 



Ti(e,r) 




9 , t 9 t 9 . r . . 9 , 

cos - cosh — h i sm - smh — cos - smh — h i sin - cosh — 
2 2 2222 22 

9 t 9 t 9 t 9 t 

cos - smh — h i sm - cosh — cos - cosh — h i sm - smh — 
22 2222 22 



I 



(28) 



£-1-1 £-io £-11 
7 1 

£11 



7 1 
^0-1 



7 1 
^00 



7 1 7 1 
^1-1 ^10 



/ 



cos 7^ cosh 7J + 



2 t i sin sinh t 



2 2 
1 



sin 7t smh 



2 I 



2 2 ' 

(cos 8 sinh r+i sin £> cosh t) 



; sinh 



2 I 



i sin 6* sinh 



2 "yj (cos sinh r+i sin cosh t) cos 2 ^ n 2 ~r > 

1 



T . 9 » 1 2 T 

——sin g cosh 2 



cos £> cosh r+i sin £> sinh r 



cos 2 g sinh 2 ?- 



i sin sinh 7 



-sin 2 cosh g ( cos 9 sinh r+i sin 6 cosh t) cos ^ cosh ^ 



( cos 9 sinh T+i sin 6> cosh r ) 
2 T , z sin 6 sinh r " 



■ 2 17 ■ u2 T 
sin 2 sinh g 



(29) 



3.2 Addition Theorem 



Let q = QiQ2 be the product of two matrices 0i, 02 £ SL(2, C). Let us denote the Euler angles 
of the matrix g via ip c ,9 c ,if) c , the matrix 0i via (pl,9l,i/jl and the matrix 02 via 02, ^2- 
Expressing now the Euler angles of the matrix via the Euler angles of the factors Q\, 02 
we consider at first the particular case tp\ = ip± = 1P2 = 0: 



/ 01 ■ ■ 0l\( 

cos — 1 sm — 
2 2 

0? 0? 

z sin — cos — 
2 2 • 



0o 

cos — e 2 
. 0S 



0S 



7 2 ^fi \ 
1 sm — e 2 

2 



' "^2 9 o _ l Jf2_ 

% sm — e 2 cos — e 2 
2 2 



Multiplying the matrices in the right part of this equality and using a complex analog of the 
formulae (|15l)-(|l7D we obtain 



cos0 c 



cos 9\ cos 02 — sin 9\ sin 9 2 cos t^, 

sin 0J cos 0f + cos 0J sin 02 cos ^ + % sin 02 sin ^ 
sin C 



0f 0n «P§ 0? . 0n '^2 

cos — cos — e 2 — sm — sm — e 2 
2 2 2 2 



(30) 
(31) 

(32) 



It is not difficult to obtain a general case. Indeed, in virtue of ( |2"3"D the matrix g e SL(2, C) 
admits a representation 



e 2 


^ 


( 


V 


e ~ J 


\ 



cos 



2 sin 



C 


1 sin — 
2 


/ ^ 

e 2 










V 


2" 


cos-y 







e 2 



= S (^,O,O) (O,^,O) (O,O,V C ). 



Therefore, 



It is obvious that 



g(^, 0, 0)0(0, Q{, 0)0(0, 0, rMti, 0, 0)0(0, 9 C 2 , 0)0(0, 0, V 2 C ). (33) 



0(0, 0, rMri, 0, 0) = 0(^ c 2 + Vi c , 0, 0). 

Besides, if we multiply the matrix g((f c , 6 C , ip c ) at the left by the matrix g(<f1, 0, 0) the Euler 
angle ip c increases by tpl, and other Euler angles remain unaltered. Analogously, if we 
multiply at the right the matrix g(^p c , 6 C , ip c ) by g(0,0,ip 2 ) the angle ip c increases by Sa- 
lience it follows that in general case the angle (p 2 should be replaced by (p 2 + ipf, and the 
angles zu c and ip c should be replaced by ip c — ip\ and ip c ~ S 2 > that is, 



cos6 c 

e 2 



cos 6{ cos 6 2 — sin &i sin 6 2 cos(<^2 + Si ) , (34) 
sin 9\ cos ^ + cos Q\ sin ^ cos(<^2 + Si) + * sin 9 2 sin(<^2 + Si) 

, (35) 
(36) 



0% i (<gf+^£) 



0? 0£ 

cos — cos — e 2 
2 2 



sin# c 

6{ Q c 2 Kfl+i'i) 
— sin — sin — e 2 
2 2 



cos 



Addition Theorem for hyperspherical functions Z mn follows from the relation 

r,(flifl 2 )=T,( fll )T,(fl 2 ). 

Hence it follows that 



ran (0102) = f mfe(0l)4n(02)- 



k=-l 



Let us apply this equality to the matrices 0i and 2 with the Euler angles 0, 0, 9i, Tx, 0, and 
<f2, £2, #2, T 2 , 0, 0, correspondingly. Using the formula (|4]) we obtain 

4fc(0i) = ^ fc (cos^i,coshri), 

4(02) = e-^ + ^ZL(cosfl 2 ,coshr 2 ) 



and 



where e,ip,9,T,e,if) are the Euler angles of the matrix g±g 2 . In accordance with (PD|)-(|3^) 
these angles are expressed via the factor angles 0, 0, 9\, T\, 0, and ip 2 , e 2 , 2 , r 2 , 0, 0. Thus, in 
this case the functions Z l mn satisfy the following addition theorem: 

i 

e~ m(e+ ^ ) - n(e+ ^ ) ^ n (cos^,coshr) = ^ e~ k{e2+i ^ 2) Z l mk {cos 9 X , cosh r 1 )Z[ n (cos 9 2 cosh r 2 ). 

k=-l 

In general case when the Euler angles are related by the formulae ( [34]) — (|36f) we obtain 

e _ m[e+ei+ i ( ^ _ v)] _ n[e+ea _ i( ^_^] ^ ^ cog ^ cogh r j = 

j 

^ e -fc^+ £ i +i (^+^)]^ fc ( cos ^ cosh Tl ) Z l kn (cos 9 2 , cosh r 2 ). 
fe=-i 



4 Infinitesimal operators of complex(S77(2)) ~ 5L(2,C) 

Let w c (t) be the one-parameter subgroup of SX(2,C). The operators of the right regular 
representation of SL(2, C), corresponded to the elements of this subgroup, transfer complex 
functions f(g) into R(u c (t))f(g) = f(gu c (t)). By this reason the infinitesimal operator of the 
right regular representation R(g), associated with one-parameter subgroup u> c (t), transfers 
the function f(g) into d/(fl ^ (t)) at t = 0. 

Let us denote Euler angles of the element goo c (t) via <f c (t), 9 c (t),ip c (t). Then there is an 
equality 



d/(flc; c (t)) 



dt 



t=o 



The infinitesimal operator A£, corresponded to the subgroup oJ c {t), has a form 
= A. - zB„ = (^(0))' A + (0 C (O))' J- + (^ c (0))' ° 



dcp c K y " d9 c yT y " dip c 

Let us calculate infinitesimal operators Af, A 2 , A3 corresponding the complex subgroups 
Ql, Qgj ^3- The subgroup Sl§ consists of the matrices 





e 2 



Let g = g(y3 c , # c , ip c ) be a matrix with complex Euler angles ip c = if — ie, 9 C = 9 — it, 
ip c = ip — ie. Therefore, Euler angles of the matrix guj 3 (t c ) equal to ip c , 9 C , ip c + t — it. Hence 
it follows that 



p'(0) = 0, e'(0) = 0, 0'(O) = 0, r'(0) = 0, ip'(0) = 1, £'(0) = -i 
So, the operator A3, corresponded to the subgroup has a form 

d . d 



A'- 



Whence 



A3 
B 3 



d_ 

dip' 1 
d_ 



(37) 
(38) 



Let us calculate the infinitesimal operator corresponded the complex subgroup VL\. 
The subgroup Vt\ consists of the following matrices 



( t c ■ ■ 

cos — 1 sm 

2 2 

. . t c t c 

1 sm — cos — 

2 2 



The Euler angles of these matrices equal to 0, t c = t — it, 0. Let us represent the matrix 
gu>i(t c ) by the product 0102, the Euler angles of which are described by the formulae (|34D- 
(|36|). Then the Euler angles of the matrix ui{t c ) equal to ip\ — 0, Q\ — t — it, 1/)% = 0, and 
the Euler angles of the matrix g equal to tp\ = (p c , 9\ = 9 C , = ip c . Thus, from the general 
formulae (|34"|)-(|36|) we obtain that Euler angles (p c (t), 9 c (t), ip c {t) of the matrix Quj\{t c ) are 
defined by the following relations: 



COS0 c (t) 

J<P c (t) 



e 2 



cos 9 C cos t c — sin 9 C sin t c cos ip c , 

■. sin 9° cos t c + cos 9 C sin t c cos ip c + i sin t c sin ijj c 



sin9 c (t) 

PC -AC r pc +c r 

c cos — cos — e 2 — sm — sm — e 2 
c ^ 2 2 2 2 



cos ■ 



o c (t) 



(39) 
(40) 

(41) 



For calculation of derivatives <p'(t), e'(i), T'(t), ^>'(t) , s'{t) at £ = we differentiate on 
i the both parts of the each equality from ( j39|) — fl41|) and take t = 0. At this point we have 
<p(0) = if, e(0) = e, 0(0) = 0, r(0) = r, ^(0) = V, e(0) = e. 

So, let us differentiate the both parts of ( p9|) . In the result we obtain 

e'(t)-ir'(t) = (1 -i)cos^ c . 

Taking t = we find that 

0'(O) = cos^ c , r / (0) = cosV c . 
Differentiating now the both parts of ( |4"0"D we obtain 

1 — i) sin^ c 



<//(0) - ie'(0) 



sin 9 C 



Therefore, 



sin ilf 



sin ilf 



Further, differentiating the both parts of ( ffl]) we find that 

V>'(0) -ie'(0) = -(1 +i) cot 6 C sin ijj c 

and 

^'(0) = - cot C sin e'(O) = - cot C sin 
In such a way, we obtain the following infinitesimal operators: 

Ai 



ir d sin ip c d , . <9 
cos ^ 7^ + -^r^ ~ cot 6 sm ^ 7T7> 



,.9 sin?/> c <9 ; _ . ,„ 9 
Bi = cos^ c — + — -cot^sm^— . 

ar sin 6 C oe oe 



(42) 
(43) 



Let us calculate now an infinitesimal operator corresponded to the complex subgroup 
r2|. The subgroup consists of the following matrices 



t c 

cos — 
2 



sm 



— sm — 

2 

t c 

cos — 
2 



where the Euler angles equal correspondingly to 0, t c = t — it, 0. It is obvious that the 
matrix Qu>2(t c ) can be represented by the product 



0102 



cos — i sm — 

2 2 

0? 0? 

z sm — cos — 

2 2 



/ !£a . 0g <y| \ 



cos — e 2 
2 

0<> 



sm — e 2 
2 

0!? 



2 — '^2 "n _ "i°2 

sm — e 2 cos — e 2 
2 2 



Multiplying the matrices in the right part of this equality we obtain that Euler angles of the 
product gi02 are related by formulae 



cos0 c 



cos Q\ cos #2 + sin d\ sin Q\ sin y^, 

sin 0J cos #2 — cos 0J sin Q\ sin ^2 + i sin 02 cos 
sin C 

nc nc . c oc Oc c 

"1 "2 ^£2. • • "1 • "2 "^2 

cos — cos — e 2 + z sm — sm — e 2 
2 2 2 2 

C 

cos- 



(44) 
(45) 

(46) 



Or, repeating the calculations as in the case of fl34j)-fl36D we obtain in general case 

cos0 c = cos 0J cos 02 + sin^sin^sin^ + 

i^c-^j) sin Q\ cos 02 — cos 0J sin 02 sin(<^2 + i>i) + i sin 02 cos(y?2 + i'T, 

sin0 c 



(47) 
(48) 



Therefore, Euler angles of the matrix cu 2 (i c ) equal to y>\ = 0, 9% = t — it, = 0? an d Euler 
angles of the matrix g equal to ip\ = ip c , 9\ = 9 C , = ip c . Then from the formulae ([l"^)— fl49|) 
we obtain that Euler angles tp c {t), 9 c (t), ip c (t) of the matrix Qu>2(t c ) are defined by relations 

cos 6 c (t) = cos 9° cos t c + sin 9° sint° sin ip c , (50) 



c 



fin cify i, n c sin 9 C cos t c — cos 9 C sin t c sin ib c + i sin t c cos ip 

e «P w _ „ , N — , (51) 

sin 9 c (t) ' v ; 

9 C t c ^ # c t c _^ 

.. c , , ,, c , ,. c cos — cos — e 2 +^sin — sin — e 2 

e * = — " 9HfT • (52) 

cos — — 



Differentiating on t the both parts of the each equalities d50|)-(p2|) and taking t = we 
obtain 

0'(O) = r'(0) = -sin^ c , 

^»= £ <(0) = ^, 
sin 

^'(0) = e '(0) = - cot # c cos V c - (53) 
Therefore, for the subgroup fl| we have the following infinitesimal operators 

d cos ib c d d 
A 2 = -s\^ c — + —!-—- cot 9 c co^ c —, (54) 
a# sm# c dip dip 

B 2 = -sin^|- + ^|--cot^cos^|-. (55) 
or sm9 c oe oe 

It is easy to verify that operators Aj, Bj, defined by the formulae (|3"T|), Q32|), ( |4"3"| ) and 
(|54]) , (|55|), are satisfy the commutation relations (jl|). 



5 Recurrence relations between hyperspherical func- 
tions 

Between generalized hyperspherical functions Wl l mn (and also the hyperspherical functions 
Z l mn ) there exists a wide variety of recurrence relations. Part of them relates the hyperspher- 
ical functions of one and the same order (with identical I), other part relates the functions 
of different orders. 

In virtue of the Van der Waerden representation (|J) the recurrence formulae for the 
hyperspherical functions of one and the same order follow from the equalities 

X-SWL = <^ l m,n-v X+flWL = a' n+1 9tf min+1 , (56) 
Y-DJl mn — (x r JJ0l mn _ 1 , Y + 97t mn — (x n+ iWl m ^ n+1 , (57) 



where 



From 



and fffl) it follows that 



x + 


= i(A 1 + zA 2 + zB 1 


-B 2 ), 


X 


= -(Ai-zAa + iBi 


+ B 2 ), 


Y + 


= ^(Ai + zAa-zBx 


+ B 2 ), 


Y_ 


= -(A 1 -iA 2 -iB 1 


-Ba), 



Using the formulae 
X + = 

X = 

Y + = 
Y = 



and (|54D, f|55T) we obtain 



-iip c 



d id , i d . d Id , d 
ov sin C at/? ar sin o* 6 ae de 



d 







36 sin 6 C dcp 



+ i cot e c 



d_ 

dip 



. d 



1 d 



d 



dr ' sin 8 C de ^ cte 



9 2 
™ + - 



<9 



cw sm # c dip or sin ft 6 ae de 



d 



86 sin 8 C dip 



d . nr d . d 
+ 1 cot 9 — — 1— 



J_d_ + cQt 0C ^_ 
dip dr sin 9 C de de 



(58) 
(59) 
(60) 
(61) 



Further, substituting the function 



e -™(e-i V ) Z l (Q \ e -n{e-i^) j nto the re l at i ons 



and taking into account the operators (|58|) and (^) we find that 



dZi 



de 



+ i- 



dZi 



de 



+ i- 



.dZ l mn 2(m-nco#) 
sinfl c 
2(m — ncos# c ) ■ l 
dr ' sin# c m 



dr 

.dzL^, 



+ 



9rv' 

^"•n m,n— 1> 



2 a n+l^m,n+l- 



(62) 
(63) 



Since the functions Z l mn (9, r) are symmetric, that is Z l mn (9, r) = Z l nm (9, r), then substituting 



obtain 



r) in lieu of Z mn into the formulae (|5"2])-(|5"3"D and replacing m by n, and n by m, we 



dZl 



de 



+ i- 



.dZl 



dr 



2(n — m cos # c ) • , 
—ZL, 



sin # c 



dZl 



+ i 



dZ l mn 2 (n — m cos 6* c ) 



+ 



de dr sin6 )c 

From (H)-(|D and (H)-© it follows that 



yl 

mn 



r\ I ryl 

m , m—\,m 



2 a m+l^m+l 



/ yl _ / yl 

n+1 m,n+l n m,n— 1 



2(m — ncos# c ) - ; 
shi^ m 



/ ~; _ / yi 2(n-mcos9 c ) 

m+l m+l,n m m— l,n • " 



sin C 



^^mn -^L , 2(m-ncos# c ) , , 



Analogously, for the relations ([57]) we have 

+ 



<9r 



sin^ 



^ Q n^m,n.-li 



(64) 
(65) 

(66) 
(67) 

(68) 



of™ 



Further, using the symmetry of the functions Z l mn we obtain 

dZ l mn . dZ l mn 2(n-mcos6 c ) t _ , 

dZ l mn . dZ l mn 2(w-mcosg) , _ , , , 

' Q_ „■ nr ^mn ~ ZCX rn+l^ m +l,n- \' L ) 



Therefore, 



36 dr sin 9 C 



rv 7 l -n 7 l *yi*-nw*v )_ ?l . . 



2{m — n cos 6 C 

sin 6 C 

2{n — mcos6 c 



ot mZ m _x n OL m+ iZ m+l — Z mn . (73) 

sm a 

Let us consider now recurrence relations between hyperspherical functions with differ- 
ent order. These recurrence formulae are related with the tensor products of irreducible 
representations of the Lorentz group. Indeed, in accordance with Van der Waerden rep- 
resentation an arbitrary finite-dimensional representation of the group (5+ has a form 
t~io <%> Tov ~ Tw, where tiq and tqi> are representations of the group SU (2). Then a product 
of the two representations and t^ of the Lorentz group is defined by an expression 

Tl x l\ ® Ti 2 i> 2 = ^ Tkk>- 

\h-h\<k<h+l2;\l p rime 1 -l' 2 \<k'<l' 1 +l' 2 

The vectors e^ m , of the canonical basis have the form 

j+k=m,j'+k'=k' 

where 

C(h, Z 2 , Z; j, k, m)C(l[, 1' 2 , l'- f, k', m>) = B*j^*$ 

are the Clebsch-Gordan coefficients of the group SL(2, C). Expressing the Clebsch-Gordan 
coefficients C (Zi, Z 2 , Z; j, k, j + k) of the group SU (2) via a generalized hypergeometric function 
3F2 (see, for example [1^, |23|) we see that CG-coefficients of SL(2,C) have the form 

r>3,k,m-J',k',m' _ /_-■ \h v 
D h,h,l\lx,V 2 ,V ~ ^ > 

T(h + l 2 -m+ l)T(l[ +l' 2 -m' + r 



r(Z 2 - h + m + 1)Y{1' 2 - l[ + w! + I) 



x 



r(z - m + i)r(z + z 2 - Zi + ljrgi - j + i)r(z 2 + k + i)r(z + m + i)(2Z + 1) 
r(z a - z 2 + z + i)r(Za + z 2 - z + i)r(Zi + z 2 + z + i)r(Zi - j + i)r(z 2 - fc + 1) x 

'r(Z' - m ' + i)r(Z' + z 2 - z; + i)r(z , 1 - ? + i)r(i' 2 + k' + i)r(Z' + m' + i)(2Z' + 1) 
r(Zi - z 2 + z' + i)r(Zi + 1' 2 -v + i)r(z; + z 2 + v + i)r(z / 1 - ? + i)r(z 2 - # + 1) x 

3 F 2 ((Z + m + 1, -Z + m, -h + j; -Zi - Z 2 + m, Z 2 - h + m + 1; 1) x 



where m = j + k, m' = f + k'. In virtue of the orthogonality of the Clebsch-Gordan 
coefficients from (|74f) it follows that 



e jf ®e kk , = ^ C(hj2j;j,k,m)C(l' 1 ,r 2 ,l';j l ,k l ,m , )(^ iml 

j+k=m,j l +k'=m' 

_ V" 1 r>j,k,m;j',k',m' IV / 7fi \ 

~~ h,h,l;l'vl' 2 > 1 ' mm '' ^ ' 

j+k=m,j'+k'=m' 



Let us assume that I = V (this case is a most important for physics, since the Dirac field 
(1/2, 0) © (0, 1/2), the Weyl field (1/2, 0) U (0, 1/2) and the Maxwell field (1, 0) U (0, 1) are 
defined in terms of the functions (0) at I = /'). Therefore, at these restrictions we have 



e,y ~ e,-, e kk i ~ f k and e l r 



g l m . Further, assume that l x = 1 and Z 2 = I, then the system 



( |76| ) can be rewritten as follows 

e_i ® /m+l 
e ® /m 
ei ® / m _i 



Ifn l+l ,-Lm l ,im l-l 
u \l9m ' 12i/m ^ u 13i/m > 

^21 1 + ^229m + ^2%9m > 



(77) 



where 



fc,m;l,A:,m 
ia,ia— l;l,ia,i3— 1 

rSl,fc,m;l,fc,m 

pl,fc,m;l,A;,m 
V tr M2,k+l;l,«2,i2+l 



pO,fe,m;0,fc,m 
l,ia ,ia — 1; l,ia ,1a ■ 



0,fc,m;0,fc,m 



rf — l,k,m; — l,k,m \ 
-1 -°l,;2,«2-l;l,/2,«2-l 
fj— l,fe,m;— l,fc,m 



r)0,k,m;0,k,m jj — l,k,m; — l,k,m 

£J l,/ 2 ,i2+l;l,i2,i2+l -°U2,«2+i;:M2,*2+i, 



/ (7-m)(l-m+l) 
(2Z+l)(2i+2) 
(Z+m+l)(Z-m+l) 
(22+l)(2+l) 
(Z+ro)(Z+m+l) 
(2Z+l)(2Z+2) 



V 



(l+ro+l)(*-m) (Z+to)(/+to+1) \ 

22(Z+1) 2Z(2«+1) ' 

m 2 (l+m)(l-m) 

1(1+1) 1(21+1) 

(l+m)(l-m+l) (l-m)(l-m+l) 



21(1+1) 



21(21+1) 



Let Tg be a matrix of the irreducible representation of the weight / in the canonical basis. 
Let us apply the transformation T s to the left and right parts of the each equalities (|T?D . In 
the left part we have 

T g 6 k <S> fm-k — TgC k <S> T l g f m _ k = frfc+2,l^fl +1 #m + ^fe+2,2^fl^m + ^fc+2,3^~g 1 9m \ 

where = —1, 0, 1. Denoting the elements of T l via VJt l mn (generalized hyperspherical func- 
tions) we find 

(0Ri liJfc e_i + OJt^eo + OK^ei) ^ 2^ ,./' = 

(^fc+2,l^jm 1 fl'j +1 + ^k+2,2^jm9 l j + fr^2,3^jro5j *) ■ 



Replacing in the right part the vectors gL g\ 1 via e_i £g> fj+i, &o <£> /j, ei £g> and 



comparising the coefficients at e_i ® /j+i, eo <8> /j, ei (g> in the left and right parts we 
obtain three relations depending on fc. Giving in these relations three possible values —1, 0, 1 
to the number k and substituting the functions 9JIL (ip, e, 9, r, if), e) (the matrix we find 



the following nine recurrence relations: 



,m+l' 



11 ^ u 12 Mi jm u 12 i u 13 JJl jm u 13 — 

( o& 9 t 2 sin # sinh r # 9 r\ ,.-„,, ^ ,„•„(, j 

cos 2 - cosh 2 - + sin 2 - sinh 2 - e e+ ^ +e+ ^3Jt • , , 

V 2 2 2 2 2 J 

6n3nj^2i + ^-^22 + OtfrtfA = ^(cos^sinhr + zsin^coshr)e- £ -^, m+1 , 

(cos 2 § smh 2 I + 1*^1 - sm 2 | cosh 2 l) ^_, m+1 , 

+ + & js = ( c °s f sinh r + i sin 61 cosh r)e^94 +1>m , 

6£0H£X + ^ 2 9Ji; m ^ 22 + ftga^- 1 ^ = (cos 5 cosh r + i sin sinh r)9^. m) 
^S&+^m& +^^& = ^(cos^sinhr + z sin ^ cosh r)e- £ -^._ 1/m) 



, 6 . l9 r % sin 6 1 sinh r .96* n9 T» 

cos 2 - sinh 2 - + sin 2 - cosh 2 - e" 6 "" 1 *^ 4 ^^ 

2 2 2 2 2 



'j+l,m— 1' 



^a^i + Ki^A + K 3 m l r^W 23 = -L ( cos Q sinh r + * sin 6 cosh r^"^. m _ 1; 

^^31 + 6£On5m& + ^^33 = 



(cos 2 ? cosh 2 - + 2SingsinhT - sin 2 ? sinh 2 l) e— 1 
V 2 2 2 2 2/ 



■j— l,m— 1" 



Let us find recurrence relations between the functions %R mn , where the weight I changed 
by |. As known, the product of an irreducible representation with I = ~ by an arbitrary 
irreducible representation with the weight I is decomposed into a representation with I + 1 (a 

Ml 

basis in the corresponded space has a form g m 2 (— / — | < m < I + ~) and a representation 
with / — I (g m 2 (— Z + i < m < I — |)). Thus, by analogy with ([T7|) we obtain 



where 



ft m = I |.'2.^-|;5,/2,«2-| |,ia,ia-|i5,l2,J2-5 | _ [ 2Z 2 +l" 2Z 2 +l 



5 ,*,mj- 5 ,* I m \ / l 2 - m +\ h+m+\ 

_ _ _ _ . _ ia,ia-|i|,l2,J2-5 I _ [ 2Z 2 +1 2« 2 +l 



Z3 2'' ' 2 ' ' o 2 >"•'"*' 2 / \ ^2_!_LJ If "'^2 

v |,W2+H,W2+± ^Ja.Ja+^^Ia.Ja+l/ V 2 ^+l 2« 2 +l . 
Carrying out the analogous calculations as for the case I = 1 and using the matrix ( EM ) we 



come to the following recurrence relations 



KoKMo + = (cos °- cosh I + * sin °- sinh e £± ^ i ^. +im+| , 

SffiaC'Sio + 6SaHjm^i = («» | sinh I + i sin ? cosh e £± ^ £ ^mt;_ | m+| , 

3£aC'65o + ^rf^ = ( cos I sinh i + * sin I cosh e =s=i ^an; + i >m _i , 

KoKMo + &n*<^i = (cos °- cosh I + i sin ? sinh e^^VJl 1 ^^ . 
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